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1. INTRODUCTION 
The convolution transform with Kernel G is given by 
f(x) = ,;I G(x - t)+(t) dt. (l-1) 
I f  E defined by 
[E(z)]-l = j% e-“+G(t) dt (1.2) 
is an entire function of a special type, then it is a result of Hirschman and 
Widder, [l], [2], that E(D)f(x) = $(x) where D = d/dx and 
K(w) is the Bore1 transform of E(x) and C, is a certain contour in the complex 
plane. We refer to this as a complex inversion formula. The restrictions on E 
imposed in [l], [2] are quite severe and it is the purpose of this paper to 
relax some of these conditions at the cost of some precision of results. 
We will say that an entire function E is in class P if 
(i) E is of exponential type, 
(ii) E has no zeros along the imaginary axis, 
(iii) lim,,,,, (MY I) 1% I J-w) I = rx > 0. 
Thus if E is in class P, then E is an entire function of order 1 and type 7 
with 01 < r < co. If  h(B) is the Phragmen-Lindekf indicator function of E 
defined by 
h(B) = limAup r-l log 1 E(re”s) 1 , 
1 
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then 
Moreover, important to our work is the result of P6lya, [3, p. 741, that 
E(Z) = & 1, K(w) ezw dw, 
where K(w) is the above-mentioned Bore1 transform of E(z) defined by 
K(w) = f E(“)(O) w-n-1, 
a=0 
(Actually we use the analytic continuation of K.) C is any contour contaihing 
in its interior the indicator diagram of E (the closed convex hull of the 
singularities of K). This indicator diagram is a bounded set. In addition, 
P6lya’s theorem asserts the crucial fact that h( - 0) is the supporting function 
of this set. 
We are led by (1.5) to define 
-wf(4 = & j K(w)f(x + w) dw. 
C 
Following the work of Hirschman and Widder however, we find it more 
useful to define 
E(Qf(4 = i$ & j +)f(x + pw) dw. 
CP 
We postpone the precise definition of C, to a later section. 
The work in [l], [2] corresponds to the case in which the indicator diagram 
of E is a line segment of the form [- LX, ia]. 
Our main results are contained in Section 3 while in Section 4, we relax 
slightly the requirement on E expressed by (iii) in the definition of class P. 
2. PRELIMINARY RESULTS 
In this section, we obtain some needed results on the kernel G and the 
function f. As indicated earlier, we begin with the entire function E. Define 
G(W) = -&- j+m eit”[E(it)]-1 dt 
-d 
with w = u + iv. 
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LEMMA 2.1. Let E be an entire function in class P. Then 
(a) for every E > 0 and every positive integer n, 
E(“)(iy) = O(ebl(~+~)), Y-+fQ 
(b) G(w) is analytic in the strip 1 v 1 < 01, 
(c) for every positive integer n, 
G(u t; iv) = O(/ u I-“), U-+zt~co, 
uniformly in every substrip 1 v / < 01 - E, (0 < E < CX), of the strip / v / < 01. 
E(n)(z) is an entire function of exponential type and moreover its indicator 
diagram is a subset of the indicator diagram of E. Thus if h,(B) is the indicator 
function of Ecn)(z), then h,(B) < h(0). In particular, h,[& (7r/2)] < 01 which 
proves part (a). From the definition of class P, 
[E(iy)]-l = O(e-IYi(w-c)), y + & co 
for a given E, 0 < E < cy. Thus the integral in (2.1) converges uniformly 
in the strip 1 v 1 < /I for 0 < /3 < 01 - E. This proves (b). Now 
G(u + iv) = -& /l”, eitU s dt. 
An integration by parts leads to 
G(u + iv) = - & Sy eitU D, [$&I dt. 
m 
Using part (a) of this theorem and the definition of class P, we obtain the 
result in part (c) in the case n = 1. The general case follows on successive 
integrations by parts. 
THEOREM 2.2. Let E be an entire function of class P. 
(a) Equation (1.2) holds if z = iy, y real, 
(b) If (1 + 4-N4(~) EL(- 00, CO) for some non-negative integer N, 
then the function deJned in. (1.1) is analytic in the strip 1 v I < 01. 
The fact that (1.2) holds with z = iy, y real, is a consequence of a result 
in Fourier transforms, [5, p. lOf]. Th e second conclusion follows from the 
uniform convergence of the integral in (1.1) which is a result of Lemma 2.1, 
pa* (4 
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NowforO<p < 1,let 
G(p, t) = $ jl: eitx $$#- dx. (2.2) 
G(p, t) has a number of properties similar to those of G(t) and they are 
proved in a like manner. In particular we mention that G(p, t) exists for 
every real t and that 
W-4 _ -- 
s 
-+a e-iatG(p, t) dt, 
E(ix) --m 
-co<x<a3. (2.3) 
3. THE MAIN RESULTS 
We first establish an important result involving the kernel G(p, t). 
THEOREM 3.1. Let E be an entire function in class P, and 
(1 + x”)-“c+(x) EL(- 00, 00) 
for some non-negative integer N. If f, G, K are defined by Eqs. (l.l), (2.1), and 
(1.6), respectively, then 
1 
zi c, 
j K(w)f(x + pw) dw = j$ G(p, x - t) d@) dt, 
where Cp is a contour in the w-plane enclosing the indicator diagram of E in its 
interior and lying in the strip 1 v 1 < a/p, 0 < p < 1. 
The existence of C,, is assured from the fact that the indicator diagram of E 
(a compact set) is contained in the strip 1 v 1 < a/p as a result of the conditions 
h[f (7@>1 = 01. 
For w on C, , x +- pw is in the strip / v j < 01 and thus in the set wheref 
is analytic. Now 
1 
- j 2rri cp K(w)f (x + pw) dw = & s, K(w) dw jcr G(x + pw - t) 4(t) dt -co 
= s +m d(t) dt . & j K(w) G(x + pw - t) dw. --m 
CP 
P-1) 
This interchange is justified because of the uniform convergence of the inner 
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integral of the first equation on C, by Lemma 2.1. With the use of (2.1), 
the inner integral in the last equation becomes 
1 
Yzi; cp I 
K(w) dw * & j’ exp [iu(x + pw - r)] [E(iu)]-l du 
co 
=- iT jr exp[iu(x - t)] [E(iu)]-l du . & j eiupwK(w) dw 
cc CP 
1 =- 
I 
+m -Wpu) 
27I -cg 
exp[iu(x - r)] - du = G(p, x - t). 
E(iu) 
The interchange effected here is justified with the use of the fact that the 
integral in (2.1) with w replaced by x + pw - t converges uniformly on C, 
by the definition of class P. The substitution of this last result into (3.1) 
completes the proof of the theorem. 
Denote the Fourier transform of g EL(- 03, co) byg”. Thus 
We now prove 
g^(x) = ,I: Fg(t) dt. (3.2) 
THEOREM 3.2. Under the conditions and definitions of Theorem 3.1 with 
N = 0 and with the additional assumption that 
c$^(x) = O(e-~121), X-+fCO (3.3) 
for some I) > 0, then 
2~ & j, W)f (x + ~4 dw = b(x) 
P 
(3.4) 
for almost all x. 
By Theorem 3.1, 
I, = & s, K(w)f (x + PW) dw = j+m G(P, x - 4 d(t) dt 
-co 
1 =- jim d(t) dt jl: ei(z-t)u B du 
2rr -a 
1 
I 
+a 
=- 
27r --m 
,rm J%PU) 
E(iu) F(- 4 du- 
The interchange is easily justified. There exists a 6 > 0 so that for 
l--6<p<l, 
-W/4 
Tqq- 
= O(@l(lUl)/~), U-+&CO. 
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This follows from the definition of class P. The hypothesis (3.3) shows that 
we may use the Lebesgue convergence theorem to get 
e%J^( - U) du = #(x) --m 
for almost all x,by an application of a result in Fourier Analysis, [5, p. 191. 
This completes the proof. 
By changing the values of $ on at most a set of measure zero, we see that 
the last equality above will hold for all x. It is then not difficult to see from 
(3.3) that 4 can be extended into the complex plane to be analytic in the strip 
x = x + iy, 1 y 1 < r). Thus, in effect, we are dealing with analytic functions 
+ in Theorem 3.2. 
Although the requirement in (3.3) on 4” is severe, the class for which 
this is so is not negligible. Any function g(z) analytic in a strip 1 y 1 < 6 
and satisfying for some p > 0 
g(a) = O(e-filrl), IZI--+~ (3.5) 
uniformly in any substrip z = x + iy, 1 y / < y < 6 also satisfies (3.3). This 
can be seen from 
eiect+ic)g(t + ic) dt (3.6) 
for 0 < C < 6, which is obtained from (3.2) using Cauchy’s theorem and (3.5). 
From (3.6), we see that g”(x) = O(e+) as x -+ co. The corresponding 
result as x -+ - co can be obtained by using - 6 < c < 0. This class 
contains as a subclass the class 2,~ (p > 1) of all entire functions g for which 
there exist positive c, , cs with 
g(x) = O(e-C112Q g(z) = O(edq, 
where z = x + ir. This class was used by Gel’fand and Shilov in a well 
known paper [6] in which they show that Z,* is dense in L, (- co, co). Thus 
the class of functions for which (3.3) is true is extensive. 
More information about E(z) will usually lead to sharper results. To 
illustrate this fact, we introduce. the class PN, a subclass of P. E is of class PN 
for N a non-negative integer if 
(i) E is of exponential type with no zero along the imaginary axis, 
(ii) E(“)(iy) = O(~fgl), Iy 1 + co; k = 0, l,..., N, 
(iii) [E(e)]-l = ‘O(e-+I), 1 y 1 -+ co. 
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Here 01 is a positive number depending on the function E. Let 
q&c, t) = [l + (x - t)2]-N+(t). 
THEOREM 3.3. Let E be of class PzN, (1 + x”)-“~(x) E L(- co, cx)) and 
f ,  G, K be dejined by Eqs. (l.l), (2.1), and (1.6), respectively. Then ;f, as a 
function of u, 
q& u) EL(- a, a), 
we have 
lim ‘J 
p+l- 2ni K(w)f (x + PW) dw = W, cp 
for almost all x. 
Here @G(x, U) is the the Fourier transform of QN(x, t). Let 
TN(x) = (1 + x2)? 
Then from Theorem 3.1, we can write 
1, = & j-, W4f (x + PW) dw 
P 
where 
I 
+m 
= Gh, x - t) %(x, $1 dt, 
--m 
Gl(p, x - t) = T& - t) G(p, x - t). 
The representation of G(p, t) from (2.2) leads to 
1 -+a G(P, x - t> = -jy s --m 
[ T,(iD,) ei”(z-t)] $f$- du, 
where D, stands for differentiation with respect to u. Successive integrations 
by parts lead to 
G,(p, x - t) = & I+m eiu@-*) [T&D,) w] du. 
-m 
Consequently, 
lp = & 1% @,(x, t) dt ,;I eiufz-*) [ T,(iD,) #] du 
1 
s 
E(iw ) fm ei”uOG(x, - u) [ T,(iD,) m] du. 
277 -a 
The justification for the interchange follows from the definition of class PzN . 
We now proceed as in the proof of the previous theorem. Since 
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for some constant K, we can use the Lebesgue convergence theorem to get 
+m eixu@;(x, - u) du 
--a 
since 
[ 
EM4 
i$ ~h@L) I 1 = 1. 
Another appeal to [5, p. 191 gives us 
a.e. 
The simplest case occurs when N = 0 for then QO(x, t) = b(t) and the 
requirements are that 4, $” be inL( - co, co). A set of sufficient conditions in 
this case is that + be twice differentiable and that 
(1) 9, +‘, #” inL(- 00, a) 
(2) d(t), 9’(t) be o(1) as t + f co. 
These conditions permit us to integrate by parts twice and deduce that 
CA(x) = O(X-~), x + f co and hence that $^ is in L( - co, co). 
As an example of the general theory, let 
E(z) = cash (x + 1) cos z. 
This function is in P2N for any N and its indicator diagram is the square with 
vertices at f 1 & i. Thus we may apply Theorem 3.3 in this case. 
Of course, the cases treated by Hirschman and Widder in [l, Chap. IX] 
and [2] will also fit under this more general theory. 
4. AN EXTENSION 
Instead of (iii) in the definition of class P, let us suppose that 
l&logjE(iy)/ =q, J;l&log]E(iy)] =ola. (4.1) 
Then a1 + 01~ > 0 by a result in entire functions, [3, p. 761. We will assume 
that or, + 01~ = 2~4 > 0. Let 01~ - a1 = 2p and 
E,(z) = e-fiziE(z). (4.2) 
The indicator diagram of E,(z) is that of E(z) translated fi units parallel to 
the imaginary axis. Moreover, 
(4.3) 
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Clearly E1 is in class P. Iffr , Gr , Kr bear the same relationship to Er as do f, 
G, K to E as defined by equations (1 .l), (2.1), and (1.6), then we have 
G,(w) = & /+a @‘[E&t)]-I dt = G(w + ,Bi) 
--m 
and similarly 
G(w) = qw + 8), f&4 =f (x + $9 
We may then deduce the following result from Theorem 3.2: 
t;&.T -f K(w + iP)f (x + 8 + ~4 dw = W 
CP 
for almost all x in (- CO, co). C, is defined in terms of the indicator diagram 
of Er . Thus with a change of variable, we may conclude, 
THEOREM 4.1. Let E be in class P with (iii) replaced by (4.1) with 
aI + 01~ > 0. Moreover if 
(1) 4 EL(-- 0, cc 9 
(2) 4*(x) = O(e-+I), x--f & co for some 77 > 0, 
then 
j$ & j-,. W4f (x + ~4 dw = d(4 
P 
for almost all x. 
CL is C, translated /I units parallel to the imaginary axis. 
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